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In this paper, a semi-simple and Maxwell extension of the (anti) de Sitter algebra is constructed.
Then, a gauge invariant model by gauging the Maxwell semi-simple extension of the (anti) de Sitter
algebra has been presented. We firstly construct a Stelle-West like model action for five-dimensional
space-time in which the effects of spontaneous symmetry breaking have been taken into account.
In doing so, we get an extended version of Einstein’s field equations. Next we decompose the five-
dimensional extended Lie algebra and establish a MacDowell-Mansouri like action that contains the
Einstein-Hilbert term, the cosmological term as well as new terms coming from Maxwell extension
in four-dimensional space-time where the torsion-free condition is assumed. Finally, we have reached
the conclusion that both models, for an appropriately chosen gauge, are equivalent.
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I. INTRODUCTION
The gauge theories provide a useful theoretical background to describe the fundamental interactions of particle
physics. The three basic interactions, strong, weak and electromagnetic are described by Yang-Mills gauge theory,
which is based on the Yang-Mills gauge theory based the Lie-groups SU (3), SU (2) and U (1), respectively. These
interactions form the basis of the Standard Model. The fourth interaction, gravitational interaction, characterized
by the general relativity of Einstein is not a genuine gauge theory in the sense of Yang-Mill’s type. On the other
hand, it can be constructed as the Yang-Mills gauge theory by symmetry-breaking mechanism. Before we start, it
is important to point out the non-commutativity of translation generators, [Pa, Pb] = ±iMab, for the de Sitter (dS)
groups. Stelle and West demonstrated that the Einstein-Cartan theory is reproduced by spontaneously broken dS
group to the Lorentz group [1, 2]. This approach opened new doors to unify the fundamental interactions in the
framework of gauge theory [4].
The (anti) de Sitter (A) dS gauge theory of gravity was first formulated in papers [2, 5–7]. There are two main
advantages of (A) dS gauge theory: The first one is to construct a consistent and renormalizable theory. It is well-
known that General Relativity is not a renormalizable theory. To overcome this problem, many theoretical models
for gravitation have been proposed. Among these theories, (A) dS gauge theory emerges as a useful candidate to
solve this issue because it can be constructed as a Yang-Mills gauge theory [8]. The second one is the explanation
of the cosmological constant. The astronomical observations show that our universe is accelerating like a de Sitter
spacetime. Therefore, (A) dS gauge gravity have an important potential to explain the accelerating expansion with a
positive cosmological constant (for more detail see [9]).
To cope with the mentioned problems, countless studies have been done based on the gauge theoretical approach
together with different gauge groups. Similarly to the de Sitter group, there exists a group having non-commutative
on the generators of translations, called the Maxwell group. This group can be interpreted as a modification of
the Poincare´ group which describes the empty Minkowski space-time, and the translation generators are no longer
abelian but satisfy [Pa, Pb] = iZab [10–15]. Here, the antisymmetric central charges Zab represent additional degrees of
freedom and/or a new background field. In early studies, this field was associated with constant electromagnetic (EM)
fields [16, 17]. Recently, the Maxwell group and its modifications have extensively studied to generalize Einstein’s
theory of gravity and supergravity [18–32]. Furthermore, the main similarity between Maxwell-like algebras and
(A) dS algebras is the curvature forms. Both curvatures point out the cosmological constant. This feature may
take an essential role because the studies on the cosmological constant indicate that there should be a background
field filling our space-time. So, gauging the Maxwell (super)algebra provide a useful background to find a generalized
cosmological constant term [18–20, 22, 25, 26, 29, 30]. In this new context, the additional degrees of freedom represent
the uniform gauge field strengths in (super)space leading to uniform constant energy density [14]. Therefore we can
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2say that the Maxwell symmetries may provide a powerful geometrical framework for the cosmological constant and
dark energy since it is known that there is a close connection between these topics [33, 34]. So, it can be said that
Maxwell symmetry contains a useful structure to generalize GR. Moreover, this symmetry is used in various areas
such as describing planar dynamics of the Landau problem [35], the higher spin fields [36, 37], and it was also used in
the string theory as an internal symmetry of the matter gauge fields [38].
Motivated by these studies, we interest in a gauge theory of gravity based on the Maxwell extension of (A) dS
algebra. In this extension, the corresponding translation generator satisfies a new commutation relationship as
[Pa, Pb] = i (Mab + Zab). Therefore, one can expect that this extension may yield new insights and may provide a
background to overcome the above mentioned issues.
The organization of this letter is as follows. In Sect. 2, we give a short introduction of the Stelle-West model for
gravity based on (A) dS algebra. We then give a semi-simple extension of (A) dS algebra by considering the Maxwell
symmetry. Using the resulting algebra, we construct a gauge theory of gravity and after symmetry-breaking, we get
an extended kind of the Einstein field equations. In Sect. 3, firstly, we decompose the extended algebra to the four-
dimensional sector. Secondly, we construct gauge theory of gravity based on this decomposed algebra and establish
a MacDowell-Mansouri like action we get same results to given in the previous section in a certain gauge. In the last
section, we conclude our work with some comments and possible future developments.
II. THE (ANTI) DE SITTER GRAVITY AND ITS MAXWELL EXTENSION
We introduce our discussion by reviewing the theory of spontaneously broken (A) dS gravity by the Stelle-West
model [1, 2, 40]. This model provides a useful background for both dS and AdS groups. The (anti) de Sitter algebra
is given by
[MAB,MCD] = i (ηADMBC + ηBCMAD − ηACMBD − ηBDMAC) , (1)
whereMAB is the generator of this group and the metric tensor is considered as ηAB = diag (1,−1,−1,−1,−1). Here
the capital Latin indices run A,B, ... = 0, 1, 2, 3, 5.
To construct a gravitational theory based on the given symmetry group, we will give only a brief summary for (A) dS
gravity as presented by Stelle and West. The Stelle-West action is given by the help of (anti) de Sitter curvature
FAB (x) and its connection AAB (x)
SSW = σ
∫
V EǫABCDEF
AB ∧ FCD + α
(
c2 − VAV
A
)
(2)
where V A is a non-dynamical five vector field which has a positive constant magnitude such as VAV
A = c2. We also
note that V A does not have any degrees of freedom, but it helps to construct the geometrical structure of the theory
[1]. Moreover, σ is an arbitrary constant and α represents the Lagrange multiplier [39, 40]. This action reduces to
the Einstein-Cartan action under the following constraints,
V A = (0, 0, 0, 0, c) (3)
ea = −lDV a = −lcAa5, DV
5 = 0 (4)
where ea (x) corresponds to the vierbein field, D is the Lorentz covariant derivative and the small Latin indices take
a, b, ... = 0, 1, 2, 3. Moreover, l is related to the cosmological constant and defined by l =
√
3/|Λ|. Indeed, using these
constraints, the action Eq.(2) spontaneously broken down to the Einstein-Cartan action together with a topological
term (more detail see [40]),
SSW = −
3
4κΛ
∫
ǫabcdR
ab ∧Rcd −
2
3
Λǫabcd
(
Rab ∧ ec ∧ ed −
Λ
6
ea ∧ eb ∧ ec ∧ ed
)
(5)
where the constant is chosen as σc = − 34κΛ and κ = 8πGc
−4 is Einstein’s gravitational constant. Here the first term
corresponds to the topological sector and the remaining terms are the Einstein-Hilbert action with the cosmological
term.
3Now, we aim to extend (A) dS gravity by taking into account the Maxwell symmetry. To do this we start with the
generalized (A) dS algebra,
[YAB,YCD] = i (ηADYBC + ηBCYAD − ηACYBD − ηBDYAC) , (6)
where YAB represents the generator of the corresponding algebra. Moreover, this generator can be decomposed into
the following form,
YAB =
1
2
(MAB + ZAB) , (7)
whereMAB corresponds to a generalized (A) dS group generator and ZAB is a new additional antisymmetric generator
responsible for the Maxwell symmetry.. These generators obey the following Lie algebra,
[MAB,MCD] = i (ηADMBC + ηBCMAD − ηACMBD − ηBDMAC) ,
[MAB,ZCD] = i (ηADZBC + ηBCZAD − ηACZBD − ηBDZAC) ,
[ZAB,ZCD] = i (ηADMBC + ηBCMAD − ηACMBD − ηBDMAC) . (8)
The resulting algebra is the Maxwell extension of the (A) dS algebra. To gauge this algebra, we define a one-form
gauge field valued in the algebra as
A (x) = AAXA =
1
2
ωABMAB −
1
2
BABZAB, (9)
where XA = (MAB,ZAB) correspond to the generators of the algebra and the associated gauge fields A
A =(
ωAB, BAB
)
can be described by 1-form fields ωAB = ωABµ dx
µ and BAB = BABµ dx
µ, respectively. By the help
of corresponding Lie algebra valued zero-form gauge generator ζ(x) which is defined as follows,
ζ (x) = ζAXA = −
1
2
τAB (x)MAB −
1
2
φAB (x)ZAB, (10)
the tranformation of connection one-form is given by
δA = −dζ − i [A, ζ] , (11)
and hence we get variations of the gauge fields
δωAB = −dτAB − ω
[A
Cτ
C|B] −B
[A
Cφ
C|B],
δBAB = −dφAB − ω
[A
Cφ
C|B] + τ
[A
CB
C|B], (12)
where τAB (x) and φAB (x) are the parameters of the corresponding generators, respectively. The curvature two-forms
of the associated gauge fields are defined to be
F (x) = FAXA = −
1
2
RABMAB −
1
2
FABZAB, (13)
where RAB and FAB represent the curvatures which come from the associated generators. To find the explicit forms
of these curvatures, we use the following structure equation
F = dA+
i
2
[A,A] , (14)
and taking account of the gauge fields in Eq.(9), the group curvatures are found to be,
4RAB = dωAB + ωAC ∧ ω
CB +BAC ∧B
CB,
= RAB +BAC ∧B
CB,
FAB = dBAB + ω
[A
C ∧B
C|B], (15)
where RAB = dωAB + ωAC ∧ ω
CB denotes the usual (A)dS curvature 2-forms. The transformation properties of the
2-forms curvatures under the infinitesimal gauge transformation can be derived by the following expression,
δF = i [ζ,F ] , (16)
and so one can obtain
δRAB = τ
[A
CR
C|B] + φ
[A
CF
C|B],
δFAB = φ
[A
CR
C|B] + τ
[A
CF
C|B]. (17)
Now, we are in a position to construct the gauge invariant action under local (A) dS-Maxwell transformations. By
the help of the following shifted curvature,
J AB = RAB + FAB, (18)
with the following variation
δJAB = τ˜
[A
CJ
C|B], (19)
where the shifted zero-form parameter is defined as τ˜AB = τAB+φAB. Moreover, it can be shown that taking exterior
covariant derivative of the shifted curvature goes to zero , i.e. DJ AB = 0, where extended covariant derivative is
given by
DΦ = [d+ ω˜]Φ. (20)
Here, the shifted connection is defined as ω˜AB = ωAB +BAB. In terms of this connection, the shifted curvature can
be written as
JAB = dω˜AB + ω˜AC ∧ ω˜
CB. (21)
With the help of shifted curvature, we can write down the Stelle-West type action as follows[1, 2, 40]
S = −
3
4κΛc
∫
V EǫABCDEJ
AB ∧ J CD + α
(
c2 − VAV
A
)
. (22)
By varying the action Eq.(22) with respect to the gauge field ω˜AB, one obtains
ǫABCDEDV
E ∧ J CD + V EǫABCDEDJ
CD = 0. (23)
We already know that covariant derivative of the shifted curvature is zero. So, the equations of the motion reduce to
ǫABCDEDV
E ∧ J CD = 0, (24)
here, if we impose the constraints similar to Eq.(4),
ea = −lDV a = −lω˜a4, DV
4 = 0, (25)
where ea (x) is the vierbein. From these definitions and considering l =
√
3/|Λ| than the action now takes the following
form,
5SSW = −
3
4κΛ
∫
ǫabcdR
ab ∧Rcd −
2
3
Λ
(
ǫabcdR
ab ∧ ec ∧ ed −
Λ
6
ea ∧ eb ∧ ec ∧ ed
)
+ǫabcd
(
2Rab ∧Bce ∧B
ed +DBab ∧DBcd −
2Λ
3
DBab ∧ ec ∧ ed
)
+ǫabcd
(
2DBab ∧Bce ∧B
ed +Bae ∧B
eb ∧Bcf ∧B
fd −
4Λ
3
Bae ∧B
eb ∧ ec ∧ ed
)
. (26)
where Rab (ω) = dωab + ωac ∧ ω
cb corresponds to the well-known Riemann curvature tensor. Here, the first term is a
topological invariant, because of the Euler characteristic. As such, it does not contribute to the equations of motion.
The second terms correspond the Einstein-Hilbert action together with a cosmological term, and the remaining terms
contain the mixed terms with the new extra fields Bab(x) coupled to the spin connection and vierbein. So, we get the
Maxwell extension of the Stelle-West action given in Eq.(5). Moreover, Eq.(24) reduces to the well-known form,
ǫabcdJ
ab ∧ ec = 0. (27)
and this equation leads to an extended version of the Einstein equation in coordinate basis as follows,
J µν −
1
2
gµνJ = 0. (28)
III. DECOMPOSITION OF (A) dS-MAXWELL ALGEBRA
In the previous section, we briefly reviewed the Stelle-West model of gravity and gave its extension by using the
Maxwell symmetry in the five-dimensional sector. We also showed that the action Eq.(22) reduces to the generalized
Einstein-Cartan gravity by choosing special constraints in Eq.(25). In this section, we establish the gauge theory of
gravity based on the Maxwell extended (A) dS group in 4-dimensional space-time. To do this, we first decompose the
extended (A) dS algebra in Eq.(8) in terms of the following generators,
Mab =Mab, Pa =
√
λ
2
(M5a + Z5a) , Zab = Zab, (29)
the Lie algebra of the corresponding group is found to be
[Mab,Mcd] = i (ηadMbc + ηbcMad − ηacMbd − ηbdMac) ,
[Mab, Zcd] = i (ηadZbc + ηbcZad − ηacZbd − ηbdZac) ,
[Zab, Zcd] = i (ηadMbc + ηbcMad − ηacMbd − ηbdMac) ,
[Pa, Pb] = iλ (Mab + Zab) ,
[Mab, Pd] = i (ηbdPa − ηadPb) ,
[Zab, Pd] = i (ηbdPa − ηadPb) , (30)
where the generators XA = {Pa,Mab, Zab} correspond to the translations, the Lorentz transformations and the
Maxwell symmetry. Here, the constant λ has the unit of L−2, and it will be related to the cosmological constant and
the metric tensor defined as ηab = diag (+,−,−,−). The self-consistency of this algebra can be checked by the help
of the Jacobi identities.
We will follow the similar methods for establishing a gauge theory of gravity as in [41–44] by using differential
forms. Let us first define the (A) dS-Maxwell algebra-valued one-form gauge field A (x) = AAXA as follows,
A (x) = eaPa −
1
2
ωabMab −
1
2
BabZab, (31)
where AA (x) =
{
ea, ωab, Bab
}
are the gauge fields which correspond to the generators, respectively. Moreover, unit
dimension of the gauge fields have zero other than [ea] = L and the remaining gauge fields are dimensionless. Here L
is considered as the unit of length. The variation of the gauge field A(x) under a gauge transformation can be found
by using Eq.(11) and the following (A) dS-Maxwell algebra-valued zero-form gauge generator,
6ζ (x) = yaPa −
1
2
τabMab −
1
2
φabZab. (32)
Thus, one can find the transformation law of gauge fields as follows,
δea = −dya − ωacy
c −Bacy
c + τace
c + φace
c,
δωab = −dτab − ω[acτ
c|b] −B[acφ
c|b] − λe[ayb],
δBab = −dφab − ω[acφ
c|b] + τ [acB
c|b] − λe[ayb], (33)
where ya(x), τab(x) and φab(x) are the parameters of the corresponding generators. The curvature two-forms of the
associated gauge fields F (x) = FAXA are defined to be
F (x) = FaPa −
1
2
RabMab −
1
2
FabZab, (34)
where Fa (x), Rab (x) and Fab (x) represent the curvatures which comes from the associated generators. To find
the explicit forms of these curvatures, we have used the structure equation Eq.(14) together with the gauge fields in
Eq.(31). The group curvatures are,
Fa = dea + ωac ∧ e
c +Bac ∧ e
c,
Rab = Rab (ω) +Bac ∧B
cb + λea ∧ eb,
Fab = dBab + ω[ac ∧B
c|b] + λea ∧ eb, (35)
where Rab (ω) denotes the usual Riemann curvature tensor. The transformation properties of the two-form curvatures
under the infinitesimal gauge transformation can be found by using Eq.(16), Eq.(32) and Eq.(34),
δFa = −Racy
c + τacF
c −Facy
c + φacF
c
δRab = τ [acR
c|b] + φ[acF
c|b] + λy[aFb]
δFab = φ[acR
c|b] + τ [acF
c|b] + λy[aFb] (36)
If we define a shifted curvature as J ab = Rab + Fab, then it transforms as δJ ab = −J
[a
c
(
τc|b] + φc|b]
)
. We finally
write the MacDowell-Mansouri like [6] action as
S =
1
4κγ
∫
ǫabcdJ
ab ∧ J cd
=
1
4κγ
∫
ǫabcdR
ab ∧Rcd + 4λ
(
ǫabcdR
ab ∧ ec ∧ ed + λǫabcde
a ∧ eb ∧ ec ∧ ed
)
+2ǫabcdR
ab ∧Bce ∧B
ed + ǫabcdB
a
e ∧B
eb ∧Bce ∧B
ed
+4λǫabcdB
a
e ∧B
eb ∧ ec ∧ ed + 2ǫabcdR
ab ∧DBcd
+2ǫabcdB
a
e ∧B
eb ∧DBcd + ǫabcdDB
ab ∧DBcd + 4λǫabcdDB
ab ∧ ec ∧ ed (37)
where γ is an arbitrary constant. Furthermore, if we choose λ = −Λ6 and γ = −
Λ
3 then the resulting action takes the
same form as the action given in Eq.(22).
Now, we are in a position to consider the field equations of the theory and they can be derived from a variational
action principle. The equations of motion can be found by the variation of the action in Eq.(37) with respect to the
gauge fields ωab(x), Bab(x) and ea(x), respectively,
DJ cd +B[ce ∧ J
e|d] = 0, (38)
ǫabcde
b ∧ J cd = 0, (39)
here, we want to note that the variation with respect to ωab(x) and Bab(x) lead to same equation in Eq.(38).
Furthermore, one can show that all these equations of motion verify each other. Making use of the shifted curvature
and Eq.(39), we get the following equation
7J ab −
1
2
δabJ = 0, (40)
Passing from the tangent indices to world indices with the help of
eµae
ν
bJ
ab =
1
2
J µνρσ dx
ρ ∧ dxσ (41)
one gets the following field equation,
Rµρ (ω)−
1
2
R (ω) δµρ + Λδ
µ
ρ = T
µ
ρ (B) (42)
where
T µρ (B) = −
(
eµae
ν
bD[ρB
ab
ν] + e
µ
ae
ν
bB
a
[ρ c ∧B
cb
ν]
)
+
1
2
δµρ
(
eγae
κ
bD[γB
ab
κ] + e
γ
ae
κ
bB
a
[γ c ∧B
cb
δ]
)
(43)
and it represents the tensorial contribution of the Maxwell symmetry. Therefore, we demonstrated that a new extended
framework leads to the generalized Einstein field equation together with a cosmological term plus additional energy-
momentum tensor as a function of the gauge field Bab (x). Moreover, in the limit of Bab(x) = 0, Eq.(42) reduces to
the well-known gravitational field equation including the cosmological constant for vacuum conditions.
IV. CONCLUSION
In the present paper, we considered a generalization of (A) dS gravity. Essentially, the reason why we study the
dS group is divided into two parts. The first one is the importance of dS group for the solution of renormalizability
problem in physics. In this context, making use of the semi-simple structure of dS, a Yang-Mills gauge theory of dS
group may leads to renormalizable Einstein-Cartan gravity, because we know that the Yang-Mills gauge theories are
renormalizable for D = 4 space-time [45]. The second one is the acceleration of our universe and the cosmological
constant problem. It is well known that the de Sitter gravity is seen as a powerful candidate to solve this problem
because the main characteristic of de Sitter gravity is containing a positive cosmological constant. Furthermore, it is
known that the generalization of symmetries may lead to more general physical theories such as supergravity theories.
So, the extension of (anti) de Sitter algebra may contribute the solution of mentioned problems.
From this background, we obtained a generalized Lie algebra by unifying the (anti) de Sitter with the Maxwell
algebra in Eq.(8). In this generalization, we preserved the semi-simple structure of de Sitter algebra. We then
constructed the gauge theory for the resulting algebra and establishing a Stelle-West like action and we derived
a generalization of Einstein’s field equations. Moreover, we obtained the semi-simple extension of (A) dS-Maxwell
algebra in Eq.(30) for four-dimensional case by decomposing the algebra in Eq.(8) under the chosen conditions in
Eq.(29). After that, we took this algebra for the construction of gauge theory and established a MacDowell-Mansouri
like action. As a result of these calculations, we obtained the same field equations with the previous one in a certain
condition. This field equations contain a positive cosmological constant and additional terms related to the Maxwell
symmetry in addition to Einstein’s field equations for vacuum. If we take the Maxwell gauge field as Bab (x) = 0,
then this gravitation model reduces to well-known de Sitter gravity. Besides, the resulting gravitational theory can
be seen as a generalization of the results given in [20].
We want to remark that it is possible to construct a Yang-Mills like action [41] based on these extended algebras in
Eq.(8) and Eq.(30) because of their semi-simple characteristics. We know that three of four fundamental interactions
except gravity are Yang-Mills type of gauge theories. Therefore, the resulting algebras may provide a useful background
to solve the unification problem of fundamental interactions [46].
The physical interpretation of the (super) Maxwell symmetries is under developing. In early studies [16, 17], the
Maxwell symmetry has been considered as the symmetry group of a particle moving in a constant EM field (see
also [15]). But now many researchers mainly focus on it’s contributions to gravitation theory and (super)algebraic
properties [18–32]. In particular, similarly to the de Sitter group, the Maxwell group has a useful background obtain
the cosmological constant from the group theoretical point of view. Therefore, we can say that the Maxwell group can
be seen as an alternative approach to explain the cosmological constant problem [18–20, 22, 25, 26, 29, 30]. Besides,
many other applications in different areas can be found in [35–38].
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